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The purpose of this paper is to prove pointwise convergence of the
derivatives of Hermite-Fejér interpolation polynomials of higher order
based at the zeros of orthonormal polynomials with respect to a Freud
weight of the form exp(—x™) with an even positive integer m.

Let

Q(x)=3x",  w(x)=exp(—Q(x)),

where m=2,4,6,... The orthonormal polynomials p,(w* x)=p,(x)=
¥. X"+ ---, where y, >0, are defined by the relation

[ pia) pax) W) dx =35,
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These polynomials were investigated by Freud, e.g,, [2, 3], and recently by
many authors in connection with approximation theory. For detailed
references and an extensive survey, readers may refer to Nevai [11].

We denote the zeros of p,(x)} by x,,,, k=1, 2, .., n, where

Xig > Wqy > o0 >X

nn-

Let v be a positive integer, and let / be a non-negative integer such that
v—121 For feC/R), the Hermite-Fejér interpolation polynomial
L. (I, v; f, x) of order (/, v) based at the zeros x,,, ..., x,, is defined to be the
unique algebraic polynomial of degree at most vn — 1 which satisfies

L(Lv; [ X)) = S(Xpen)s
L6 v £ X)) =/ (Xp), s
LU v £ x) = (X g),
LY v fx0,) =0, ..
LY=Ly f, x4) =0

for k=1,2,.,n It is known that, for every n=1,2, ..., k=1,2,..,n and
r=0,1, .., v—1, there exists a unique polynomial %,,(v; x) of degree vn — 1
satisfying

rkn

v x,,) =0, 04, p=12..n j=0.1, ..., v-1

rkn

(cf. [8, Chap. I, Sect.4]). The interpolation polynomial L (/, v; f, x) is
written in the form

n !
L,,( l’ v, fw .X') = Z Z f'r)(xkn) hrkn(v; x)~

k=1r=0

Since L,(I, v, [, x)=1 for f(x)=1, we see that

We note that L, (0, 1; £, x) is the Lagrange interpolation polynomial based
at the points x,,, .., x,,. We define the modulus of continuity of /e C(R)
on an interval [a,b] by wl[a, b]; f, hy=sup{{f(x)—f(»)]; |x—y|<h,
x,vela, b1}, h>0.

Freud {4] and Nevai [9, 10] considered pointwise convergence of the
Lagrange interpolation polynomials L,(0, 1; £, x) for the Hermite weight
exp( —x?), i.e, m = 2. Knopfmacher [ 6] estimated the rate of approximation
of pointwise convergence of the polynomials L,(0, I; f, x) for the class of
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regular Freud weights which includes the weights exp( —x"), m=2,4, 6, ....
Recently, the authors [ 5] observed the behavior of pointwise convergence of
Hermite-Fejér interpolation polynomials L,(0, v; £, x) of order (0, v) for the
weights exp( —x™), m =2, 4, 6, ..., and showed that if v is even then for every
continuous function f(x), the sequence {L,(0, v; f, x)} converges uniformly to
f(x) on any compact interval, and showed that if v is odd then for every inter-
val 1, there exists a continuous function f{x) such that lim sup, , . max, _,
[L.(0,v; £, x)] =oc. On the other hand, Baldzs [1] treated convergence
problems of the derivatives L!/%(0,1; f, x) of Lagrange interpolation
polynomials for m=2, and proved that |fY(x)—LYY0,1;f, x)|<
Co(R; [ n~*)yn =" {log n+exp(x?/2)} for |x| < x,,,/=0, .., r. In this
paper, we shall consider convergence problems of the derivatives
LY v; f, x) for arbitrary v=1,2,.,0</<v—-landm=2,4,6, ..

Let g, denote the unique positive solution of the equation ¢, Q'(¢,) =n,

that is,
2” 1/m
q9,=\ " :
m

THEOREM. Let v be a positive integer and let | be an integer such that
v—12120. Then, there exist positive constants ¢ and K satisfying the following:

Our theorem is as follows:

(1) The case v—1=1. Let N be an integer such that N=! and
fe CMR). Then, for |x|<cq,,

Ly =1 vs fox) = 0[S O+ x| /77 202)

Xw<[—KﬁmK@d;ﬂNE%ﬁ

v
X <&> n'logn
n

j=0,1, ., N n=N+1,N+2, ..
(ii) The case v—1>1 Let fe C(R). Then, for |x| <cq,,
IL7(L v fox) = fUX) < CO1 A |x] 70 202) o2
<o ([ =Kgy Koy 10 22)

n
q !
Iny Wil
X<n> n’logn
j=0,1,..0,  n=I+1,1+2, ...

Here, C is a positive constant independent of n, x and f.
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COROLLARY. (i) The case v—1=1I Let N2/ If lim, ., w(R; f%% h)
log =0, then for every M >0,

lim max [LY'(v—1, v fix)—fY(x){=0

n— o (x|<M

for j=0,1, ., [(1 —1/m)N] (the integral part of (1 —1/m)N).

(i) The case v—1>1:If lim, , , o(R; f"%; h) log h=0, then for every
M>0,
im max [LYXL v f, x)—f(x)| =0

n— o x| <M

for j=0,1, ., [(1=-1/m)i].

We remark that the condition lim, _, w(R; f*"); h)log h=0 holds, e.g.,
if /M eLipa, 0<a<1. We mention that Balazs [1] has obtained the
estimate mentioned above for v=1 and m=2.

For the proof of Theorem, we need a basic estimate given in the
following:

PROPOSITION. Let r=0, 1, ..,v—1. There exists a positive constant x
such that

S (g (v 3)] < Ce* ("~> log (11)

k=1 h

Jor xe[ —kq,,xq,) and n=1,2, ..., where C is a constant independent of x
and n.

We remark that for m=2 and v=1 (and thus r=0), Freud [4,
Theorem 1] has gotten the estimate 3 7_, lhg.,(1; x)| < Cl{logn+
exp(x?/2)}.

The proofs of Theorem and Proposition will be given in the next section.
We summarize here some known results which are needed in the proofs.

() [6, Lemma 4.11]: (i) There exists a constant K, >0 inde-
pendent of » such that x,,<K,q,,n=1,2, ...

(i) There exist constants C,, C,, k, >0 independent of n and k
such that Cl qn/n X oan— Xgn < C2qn/n for Xk —tns Xn € [ —Ki4,, Klqn]'

Let x ., denote the closest zero of p,(x) to x. H x is the midpoint of
two zeros, then we define x,, ,, to be the closest zero of p,(x) on the left.
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(II) [6, Theorem 3.7]: There exist constants C;, C,,x,>0
independent of n and x such that

n Y n 1
C3 |x _x(x, n)‘ —4q, 12 < |P,,(X)| w(x) < C4 lx — X, n)‘ —4q, 1,2’

n n

n=1,2, .. for x with |x| <x.q,.

(I1I}) Bernstein’s inequality [12, 4.8(51)]: Let 4, (t)=n"'(1 —*)'?
+n72 Let R,(1) be a polynomial of degree n. Then, for —1<¢<1 and
j=0,1, ..,

[R(1)| < Cszt,,(t)’f'max,_\,[sl IR, ()], n=1,2,..,

where C; is a positive constant depending only on j.

(IV) [7, Corollary 1, Theorem 3]: Let r=0,1, .., and g(t)e C"(R).
Let R}(z) be the polynomial of best approximation of order » to g(z) on
the interval [ —1, 1]. Then, for J7] €1,

(i) 10— RIS Con ™ 4,(07E, (g7 [~ 1.1])
J':Oa 1, v By n=r+ l’ r+2

. : ‘ 1
(1) IRXIUDISCn~" 4,0 w ([ — 1L 1kg" —>.
n

j=r+i,r+2,.,n=1,2,..,

where C, is a positive constant depending only on r and C, is a positive
constant depending only on j, and E, _,(g"; [ —1, 1]) =max,, _, [g"(¢) -
T¥_,(t)], where T¥_,(t) is the polynomial of best approximation of degree
n—rto g"(2).

Throughout this paper, the letters C, ~ C,, K, x;, kK, with subscript are
always the constants in the properties (I) ~ (IV). For the rest of the paper,
the letter C denotes a positive constant which may differ at each different
occurrence, even in the same chain of inequalities.

2

Let /,,(x), k=1,2,.. be the fundamental polynomial of Lagrange
interpolation polynomial L, (0, 1, f, x), that is, /,,,(x) = kg, (1; x). Then,

Palx)

M 150 A S S (21)
(X - xkn) pn(xkn)

Ikn(x):
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We note that A, (v; x) is divided by /} (x) (={l,(x)}") and x=ux,,
is a root with multiplicity r of A, (v;x). We define e,(v;k,n),
i=r,r+1,..,v—1 to be the coefficients in the expression

v—1

hrkn(v; x) = [Z,,(X) Z 6’,-,(1’; k’ n)(x - xkn)i’

k=12, ., n {2.2)
After this, if there is no possibility of misunderstanding, we write briefly
X =Xp,; L (xy=L,(vf, x} P (X =D, (Vs X);
L(x)=1,(x); e (ky=e,(v;k,n); wh)y=w(la, bl f;h).

We first prove the Proposition. By (2.1) and (2.2), we have

n v—1 n v
Pa{x)
kgl ,Z,;\z.:[ (x —x ) polxy) e (R =il
v—-1 n
=3 > Ruli,r,mx).
i=r k=1

Our task is to estimate > 7 _, R, (i, 7, n; x). To do so, we shall divide the
sum into three parts. Here, we need a lemma on the behavior of p),(x) in
a neighborhood of x,.

LEMMA 1[5, Lemma 1). There exist constants 3>0 and & > 0 such that
k<n, xpe[—Rq, 1(,Rq, 1] and x, —8q,n<x < x, + gq,,/n, then

g ) < (] < O g Px,)
g,

where C is independent of k, n and x.

By (I), we may suppose that the constant £ satisfies x, < —~Kgq, and
Kq,<x,;. Let x be a positive constant such that x <k, and let
xe[ —kq,.xq,]. We choose & so that 0 <& <min{C,/2,5} where § and
C, are the constants in the lemma and in (1), (1), respectively. Let

J=1{k; |x— x| <q,/n},
J(j) =1tk joq./n<|x— x| <(j+ 1) 8q,./n, |x;] <xq.},
=12, .
I={k;dq,/n<|x—x.|, kg, <|x;|}.



384 KANJIN AND SAKAI

The sets J, J(j) and I may depend on x and ». The set J contains at most
one element and each of the sets J(j), j=1,2, .. contains at most two
elements, and {1,2,.,n} = J(j)LJ Ul where A(n) is the smallest
number exceeding 2K,n/d. Here, K, is the constant in (1), (i). Let

Al

= Z Rk(i’ r, n;x)a Z?_z Z Z Rk(i* r,n; x)w

keJd J=1keldj)
Z’%: Z Rk(isr’n;x)-
kel

Then, 37, Ry r,mx)=3%,+3,+2; To estimate ., p=1,2,3, we
need bounds of the coeflicients e, (k) in (2.2). We shall get the bounds by
using the following estimate:

LemMa 2 [ 5, Lemma 5).  Let v be a positive integer, and let s=0, 1, ...
Then,
{0}l o o | SCM L (x, )¢ glf =200 k=1,2,..,n

where {(s) =1 (s:odd), {s)>=0 (s:even), and M,(x,)=max{|x,|q,
|x. 17", and Cis mdependent of n and k.

LEMMA 3. For k=12, ..nandr=0,1,.,v—1,
le,»,(v;k,n)QC(gnf) , i=r,r+1,.,v—1,

where C is independent of n and k.

Proof. We prove this by induction on /. From h‘,;)(xk) =1 and (2.2), it
follows that e, (k)= 1/r!. Thus, the case i=r holds. By (2.2) and the fact
Ax ) =0, r+1<i<v—1, we easily see

i—1

e, (k)= Z e,,(k)(l DT () r+ I <igv—1,

Since M, (x,)< Cq m—l by (I), (1), it follows from Lemma?2 that
I(1y )“)(xk)l < Cq#m =Y < C(q,/n) ~* for every s, where C is independent of
n and k. This inequality and the assumption of induction lead to

i—1

lea (k)N < C Y, le () 1(10)" ™ (x,)]

s=r

i—1 r—s —{i—s) r—i
9 9n
<C - <C|{— R

where C is independent of n and &. Q.E.D.
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We continue the proof of Proposition. We first estimate },. We may
assume J# . Then, by (I), (i), J= {k(x)}, where k(x) is the number
satisfying X,y ,n =X(.,,- The number k(x) may depend on n. Since
x = x40 €dg,/n, it follows from Lemma 3 and the mean value theorem
that 3, =R, (i, 7, 5 x) < C | pr(EVP{X )’ - (g,/n), where C is inde-
pendent of #» and x, and £ is between x and x,,. Since x <K and
xe[ —«gq,, xq,], 1t follows that x, ., e[ —Kyg, _,, &g, _,] for n=n,, where
n, 1s a number depending only on x, ¥ and m. By Lemma 1, we have
LP;,(‘E)/P;(-UM)] <C for nzny since |&—xp o S|v =Xl <6g,/n<
dq,/n. Therefore, we have

2 <Clg,/n) (2.3)

for xe [ —kq,, kq,] and n=n,, where C is independent of n and x.

We next treat »,. Let 1 <j<A(n) and ke J(j). By Lemma 3, we have
R, r, i x) S G p (x)/{{x—x,)po(x)} ] (g./n) with C independent
of n,x and j. We assume x <min{x,,x,}, where x, and x, are the
constants in (I), {i1) and (II), respectively. By (1), (i1), we see that there
exists a number n, such that if n=n,, then |x—x,,}<C,q,/n for
xe[ —kq,,xq,], where n, depends only on x, x, and x,. Thus, by (1I) we
have

—12

lpn(-‘f)ISCW(,\')Alqn » xe[—an’an]*n>nl' (24)

Since there exists a number »n, depending only on x, £ and m such that
[ —xq,,kq,1=[—FRq,_ 1, Rq,_,] for n=n,, it follows from Lemma 1l
that |(x—x;) pL(x) ' <G lgl?w(x,) for keJ(j) and n>=n,. Thus,
Ri(i,r,m x) € Clw(x)w(x)} Y j Mg, /m) < Cw(x) " - (q,/n) for xe
[ —«xq,,xq,] and n=max{n,,n,}. Since every J(j) has at most two
elements, it follows that

q r Alr) q
5,< C(—f> (x)77 Y jE< Ow(x ( "> logn (2.5)
n

j=1

for xe[ ~«xq,,xq,] and n>=max{n,, n,}, where C is independent of n
and x.

Lastly, we estimate Y ,. Let kel and xe[ —xg,, xq,]. Since |x — x| <
(k+K\) g, for every k, it follows from Lemma 3 that R,(i,r, n; x)<
Clp, (x){(x = x) pi(x)}1 (g,/n)" ¢!, with C independent of x and n. By
(24) and |x — x| > dg,/n, we have R, (i.r,n; x)<Cw(x) " n* " *ig =~ »7?
{p.(x)| " and thus,

Z; CM(V)¥U \—r+r =32 Z ‘pn ’CA)'AV

kel
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for xe[ —xgq,,xq,], where C is independent of n and x. The sum
Sierlp(x) 7" is treated by the following lemma.

Let A;,, k=1, 2, ... be the Cotes numbers which appear in the Gauss—
Jacobi quadrature formula

Z p('\'/\'u) A"'I\'!l = J"l‘ [)(X) MIZ(‘\.) d'\‘
k=1 T

valid for all polynomials p(x) of degree at most 2n—1 (cf. [ 11]).
LEMMA 4 [5, Lemma 7]. Let t>0. Then,

Y p(x) LGy T w (2g,,),

ki lxel = tqn
where C is independent of n.

By the lemma and v/2 = 1, we have

vi2
AR S D AR e
kel kel
< C{q,: 2m+3w2(’\_q”)} vi2 nn: - qunfl‘m-é»}) v,fZe —,1"1"1“2’

where C is independent of # and x, and u = vk™m ~!. Therefore, we have
Y.< Ow(x)" <%> e THmpi 12 (2.6)

for xe[ —xgq,, xq,], where C is independent of n and x. The proof of
Proposition is concluded by combining (2.3), (2.5} and (2.6).

We remark that by a more refined estimate on Y, we can get
S P () S C{x” " 'wix) + log n}(g,/n)” for xe[ —xq,, xq,].
For the sake of brevity, we omit details.

The fundamental estimate (1.1) established now allows us to prove the
Theorem. Let N be a non-negative integer, and let 2 and u be constants
such that 0 <A <pu. Let P*(x) be the polynomial of best approximation
of order n—1 to fe CY(R) on the interval [ —ugq,,uq,]. We put
g(ty=flug,t) and R*(¢)= P*(uq,t). Then, we note that R*(¢t) is the poly-
nomial of best approximation of order n—1 to g(r) on the interval
[ —1,1]. Applying (IV), (1) and changing variable x = ugq,t, we have
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|81 = R*A0)| = (g, | f V(x) ~ P*7(x)

caon o ()}
MGy

X (uqn)N En -1~ N(Af(N); [ MY, ;uqn])

. X -
<Cn—-1)"% {A” . <;‘-—>}
dn

" ~. Gn
x(ug,)" o ([ —uq,, 1q, 3. —n~>

for j=0,1,.., N, n—1> N and |x| €ugq,, where C is a constant depending
only on u and N. Here, we used Jackson’s theorem (cf. [12,5.1(1)]) and
the fact E,_, (g™ [ =1L 1D =(ug)" E,, _~(fY5 [ —pq,.. nq,]).
For |x| < 4q,, we have 4, _,(x/(uq,)) =(n—1)"" {1 —(i/u)*} ' Thus, if
0< A<y, then for |x| < Ag,,

N—Jj
|f"”(X)—P*”"(.\‘)|<C<€£> w([—ﬂq,,,ﬂq,,];f‘”’;f’ﬁ) (27)

n n

for j=0,1,.., N and n—1> N, where C is a constant depending only on
N, / and u.

Let 8(x)=|x{+1 for |x| <1 and &(x)={x|+ [x|' ” for {x|>1. The
function J(x) has first been introduced by [1] for the case m=2. Let xeR
be fixed. We apply (I11) to the polynomial R(t)= L, (d(x)t) — P*{d(x)t) of
degree at most wr—1. Then, we have |RY(D)|<Cid,, ()™
max, _, |R(s)| for j=0,1,.. and |7|<1. We use this inequality for ¢t =
x/d(x). Then, we easily see that for j=0,1, ...,

L (x) — P¥(x)]

. —J
<C, {(w) 4, <—‘—->} max |L, (1) — P*(u)|

o(x) lul < Stx)
<C n m | L, (1) — P*(u)]
S LT3 max nitt) — u
(0(x)" — X7 <ot
SO+ |x}7 2% 0/ max |L,(u)— P*(u)l, (2.8)
lael < S(.x)

where C is a constant depending only on j and v. Let K be a constant such
that K, <K, and let ¢ be a constant such that 0 <c<min{K, x}, where
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K, and x are the constants in (I), (i) and Proposition, respectively. By (2.7)
and {2.8), we have, for |x|{<c¢g, and j=0,1, ... N,

lLU)- /(1) '

SIL,‘,‘/)(- P*”’ Y),+]P*U) f(/l(x l

<C {(1 + |x!” " 22)yn max L, (u) — P*(u)]

fu| < 3(x)

g\’ q
+<—'f> o([ —Kq,. Kq,1: /'™ ;)} (29)

n

where C is a constant independent of n, x and f.

It is enough to estimate |L,(u)— P*(u)| for |u| < 8(x). Since the degree
of P*(u) does not exceed vin — 1, it follows that L,(v— 1, v; P*, u)= P*(u),
which leads to

L,(u)y—P*u)=L (u}y—L,(v—1,v; P* u)

/
Z {700 = P70 h(u)

||' M:

v—1

ST Y P ) (2.10)

k=1r=1+1

We note that if v— 1 =/, then the second sum vanishes. Let N be an integer
such that /< N. Since |x;| < K, g, for all k by (I), (i}, it follows from (2.7)
that for k=1,2, .,mand r=0, 1, ... /,

|70 — P

q N—r q
<C<—nﬂ) w<[—Kq,,,Kq.,];f‘N'; 7) (2.11)

where C is a positive constant depending only on N, K, and K. If r >/, then
by (1V), (i1) and by changing variables,

o< () o (1-Ka, ke L) 22
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rk=1,2,..,n, where C is a positive constant depending only on r, K,

and K. Applying the estimates (2.11) and (2.12) to the expression (2.10}, we
have

q'l < qn Vo - N .
CwN('yT) Z (”;) Z 1A, ()] (v—=1=1),

k=1

v—1 l—r n
Co(2) T (L) 7% thatil =120,

k=1
(2.13)

|L, () — P*(u)| <

where C is a constant independent of n, x and f, and w;(q,/n) stands for
w([Kq,, Kq,];, £, q,/n). Note that there exists a number n, such that

if

nz=zn, then 8(x)<kgq, for x with |x|<cg,. Then, by Proposition

and the inequality max,, .., " < Ce”™"? with C independent of x, we
completes the proof of Theorem.

(5]
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